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Recent advances in nanotechnology,
combined with the prospect of a
plethora of applications ranging from

biosensing to optical signal processing, have
stimulated a large interest in the field of
plasmonics, which exploits the subwave-
length confinement, enhancement, and spa-
tiotemporal control of light atmetal/dielectric
interfaces and, in particular, in metallic
nanoparticles.1,2 The rise of plasmonics has
materialized in cutting-edge applications to
medicine (e.g., cancer therapy3), nanoscale
light management,4 deep-subwavelength
optical microscopy and lithography,5 en-
hanced photovoltaics,6 nanolasing,7 and
quantum optics.8

The metallic optical response underly-
ing the existence of plasmons is dominated
by polarization and excitation of valence
electrons, which can be regarded as a
plasma capable of sustaining collective
oscillations. The quanta of these oscilla-
tions are known as plasmons, and their fre-
quency increases with the electron density.

Although a quantum-mechanical treatment
is required to understand the statistics and
true physical nature of these excitations,9

as well as the rules governing their interac-
tions with elementary probes,10 the optical
response of plasmonic metals is generally
well-described by classical electrodynamics
relying on the use of local, frequency-
dependent dielectric functions.11 Remark-
ably, such a classical approach produces pre-
dictive results for particle and surface feature
sizes down to∼1 nm, a distancebelowwhich
nonlocal effects become significant.12,13 The
theoretical understanding of plasmons and
the design of plasmonic nanostructures can
therefore directly benefit from knowledge
gathered in electrical engineering, antenna
design, and other classical areas in which
the solution of the electromagnetic problem
plays a central role.
Importantly, plasmons imprint a charac-

teristic resonant behavior on the dielectric
function,which acquires a largenegative real
part.14 In an intuitive picture, the conduction
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ABSTRACT Advances in the field of nanoplasmonics are hin-

dered by the limited capabilities of simulation tools in dealing with

realistic systems comprising regions that extend over many light

wavelengths. We show that the optical response of unprecedentedly

large systems can be accurately calculated by using a combination of

surface integral equation (SIE) method of moments (MoM) formula-

tion and an expansion of the electromagnetic fields in a suitable set

of spatial wave functions via fast multipole methods. We start with a

critical review of volume versus surface integral methods, followed

by a short tutorial on the key features that render plasmons useful for sensing (field enhancement and confinement). We then use the SIE-MoM to examine

the plasmonic and sensing capabilities of various systems with increasing degrees of complexity, including both individual and interacting gold nanorods

and nanostars, as well as large random and periodic arrangements of∼1000 gold nanorods. We believe that the present results and methodology raise the

standard of numerical electromagnetic simulations in the field of nanoplasmonics to a new level, which can be beneficial for the design of advanced

nanophotonic devices and optical sensing structures.
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electronsof an irradiatednanoparticle
react toward the externally applied
electric field, producing a net charge
displacement from the equilibrium
position and subsequently experi-
encing the restoring force of the re-
maining positive ionic background.
This leads to plasmon collective oscil-
lations of natural frequencies lying in
thevisible andnear-infrared (vis�NIR)
parts of the spectrum, although their
precise position is strongly depen-
dent on particlemorphology, compo-
sition, and environment.15

When the structures are small
compared with the illumination
wavelength, their response is scale-
invariant, so that the resulting plas-
mons are determined by geometry
and dielectric function rather than
the actual sizes of the particles.16

Deep-subwavelength plasmons are
thus observed, as we argue below
for the instructive example of two
closely spaced spheres in a dimer.
Larger structures involve retardation
and require solving Maxwell's equa-
tions, which yield analytical solutions
only for highly symmetric geometries
(e.g., the sphere17). In general, the
study of the optical response of most
nanometallic structures that we en-
counter in practice requires numeri-
cally intensive simulation tools. In
this respect, there are several popu-
lar methods that are capable of
yielding rigorous classical electro-
magnetic solutions in arbitrary ge-
ometries. In particular, volume ap-
proaches such as the discrete-dipole
approximation (DDA),18 the finite-
difference in the time domain
(FDTD),19 and frequency-domain fi-
nite-element methods (FEMs)20,21

benefit from relatively simple para-
metrizations, typically consisting of
filling the three-dimensional (3D)
space with a representative set of
elements, in which either the electro-
magnetic fields or the local polariza-
tions are self-consistently calculated.
This requires solving a linear set of
equations with a resulting numerical
demand that scales with at least
the square of the volume. Although
these approaches are increasingly
popular, partly due to the availability

of commercial software (e.g.,
COMSOL), they cannot cope with
structures spanning several wave-
lengths in size, as the required
computational demandbecomes im-
practical using reasonable computer
power capabilities.

A more computationally efficient
approach comprises the use of
a surface integral equation (SIE)
formulation, which has been suc-
cessfully combined with an ad hoc

suitable implementation of the
method of moments (MoM).22,23

Although not yet widespread in
optics, these methods bring impor-
tant advantages when compared
to the above-mentioned volumetric
approaches. Namely, they only
require a parametrization of the
two-dimensional (2D) interfaces in-
volved, rather than a 3D space em-
bedding of the material structure,
thus resulting in a considerable
reduction in the number of un-
knowns. Furthermore, no absorbing
boundary conditions or surrounding
empty space need to be specifically
parametrized. Additionally, these
methods are less sensitive to instabil-
ities produced by rapid spatial varia-
tions of the permittivity, as is usually
the case in plasmonic structures. A
point representation formulation of
the SIE boundary-element method
(BEM) has been successfully used
to explain the optical response
of a vast number of nanostructured

morphologies characterized by dif-
ferent techniques ranging from
optical spectroscopy15 to electron
energy loss spectroscopy24 and
cathodoluminescence.25

In this Perspective, we combine
Galerkin's method of moments for-
mulation with the most recent ad-
vances in spectral acceleration
techniques, based on the multilevel
fast multipole algorithm (MLFMA)26

and the fast Fourier transform
(FFT), for the simulation of realistic
large-scale plasmonic systems.
The presented solver (called M3,
the newest version of the former
HEMCUVE27,28) has previously been
applied to plasmonics for the solu-
tion of problems such as the design
of nanoantennas29,30 and optical
wireless nanolinks.31 We illustrate
the great potential of this approach
by presenting a number of simula-
tions for various nanostructures
with increasing degrees of com-
plexity. We outline below the main
elements of themethod, butwe first
discuss, in a tutorial manner, two
important properties of plasmons;
light confinement and enhance-
ment;that enable most of the
applications noted above.

Plasmon Confinement and Field En-
hancement. Spatial confinement and
field enhancement are two of the
main properties of localized plas-
mons, enabling them to be used
for optical sensing down to single-
molecule sensitivity. Plasmons can
be localized in the so-called hotspots
of a metallic nanostructure, the sizes
of which are generally small com-
pared with the wavelength of the
light used to excite them. We can
thus gain insight into their optical
properties by neglecting retardation
effects and analyzing them in the
electrostatic limit. This is precisely
what we do in Figure 1 for a pro-
totypical plasmonic structure con-
sisting of a pair of closely spaced
metallic spheres. As shown in
Figure 1a, the dimer acts as a com-
paratively large object capable of
sustaining a dipole p in response to
the incident-light electric field Einc.
The magnitude of this dipole is
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enhanced when the light frequency
is in resonancewith thegapplasmon,
but most importantly, due to charge
neutrality, each of the spheres con-
tributes with a charge of opposite
sign near the gap region, thus pro-
ducing an additional small dipole
pgap (because these charges are sepa-
rated by a small gap distance d) and
a high induced field ∼1/d (because
the gap forms a capacitor of narrowly
spaced plates). Consequently, we can
trace the origin of field confinement
and enhancement back to the com-
bined effect of (i) charge neutrality
in each of the spheres and (ii) the
capacitor of closely spaced plates

formed in narrow gaps.32

The dimer gap mode shows up
as the longest wavelength feature
in the extinction spectra shown in
Figure 1c, which also illustrates a
blue shift of the silver plasmon rel-
ative to gold as a result of weaker
d-band screening (bothmetals have
similar s-band electron density, but
screening by deeper bands shifts
the plasmon down in frequency).
Moreover, the lower level of inelastic
optical losses in silver compared
with that in gold leads to narrower
features that allow us to resolve

higher-order plasmons emerging at
shorter wavelengths.34 A near-field
map at the gap plasmon frequency
(see inset to Figure 1c) reveals the
strong degree of confinement to the
gap region. The light wavelength of
this mode, its contribution to the
extinction cross section, and its as-
sociated maximum near-field inten-
sity enhancement at the gap center
are analyzed in Figure 1d�f as a
function of the ratio between gap
distance and sphere radius, d/a.
A general increase of all of these
magnitudes with decreasing gap
distance is observed, and, in parti-
cular, the intensity enhancement
reaches extremely large values >105

with combinations of gap and sphere
sizes for which the local dielectric
theory under consideration is still
applicable (narrower gaps involve
nonlocal effects beyond the scope
of this work12). Such large near-field
amplification is required to achieve
the reported >1010 surface-enhanced
Raman scattering (SERS) enhance-
ment in controlled hotspots.35,36

The numerical results shown in
Figure 1c�f for the simple dimer
system (solid curves) can be well
approximated using fully analytical

formulas (dottedcurves) basedupon
an eigenmode analysis of Poisson's
equation. Indeed, the self-consistent
field admits an expansion in terms of
eigenmodes of the system,16 based
upon which we can rigorously write
the polarizability as

R(ω) ¼ 1
4π∑j

Vjgj(ω) (1)

and the induced electric field as

Eind(r,ω) ¼ ∑
j

ej(r)gj(ω) (2)

(assuming an overall exp(�iωt) time
dependence), where we have de-
fined the spectral functions

gj(ω) ¼ 1
ε(ω) � 1

� 1
εj � 1

" #�1

while the sums runover eigenmodes
j of (real, negative) resonant permit-
tivity εj and associated electric field
ej(r). Equations 1 and2 canbe readily
applied to any choice of material by
plugging the corresponding dielec-
tric function ε(ω) into gj(ω). In the
εf 1 limit, a perturbative expansion
shows that the partial volumes Vj
implicitly defined in eq 1 add up
to the total volume V occupied by
the material (i.e., ΣjVj = V, where V =
8πa3/3 for a dimer). Now, for fre-
quencies near a dominant, spectrally
isolatedplasmon, it is enough touse a
single coefficient in the above sums.
In particular, we present in Figure 1b
the values of εj and Vj for the dimer
gap mode. This allows us to retrieve
the light wavelength corresponding
to this plasmondirectly by solving the
equation Re{ε} = εj (Figure 1d, dotted
curve), as well as the maximum ex-
tinction cross section (Figure 1e)

σext
max � 2π

(εj � 1)2

Imfεg
Vj
λ

and thefield enhancement (Figure 1f)

jE=Eincj2 � jej(r)j2
�����(εj � 1(ε � 1)

Imfεg

�����
2

(3)

The agreement between these analy-
tical formulas (Figure 1c�f, dotted
curves) and full numerical simulations

Figure 1. Field confinement and enhancement of a localized plasmon. (a) Char-
acteristic structure supporting gap plasmons and consisting of two spheres
separated by a narrow gap. This system illustrates how charge neutrality within
each of the spheres contributes to produce large field enhancement. (b) Resonant
real value of the spheres' permittivity (left) at which the gap plasmon appears, as a
function of the gap-to-radius ratio d/a (see inset). The right scale shows theweight
of the gap plasmon in the extinction spectra. (c) Normalized extinction spectra
of silver and gold dimers of the same dimensions. (d�f) Gap plasmon resonant
wavelength (d), extinction maximum (e), and electric field intensity enhancement (f).
The dielectric functions of silver and gold are taken from tabulated optical measure-
ments.33 Full electromagnetic simulations for a sphere radius a = 10 nm (solid curves)
are compared with analytical electrostatic theory (dotted curves) in (c�f).
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(solid curves) is remarkably good for
the selected mode. Incidentally, the
density plot of Figure 1c shows pre-
cisely |ej(r)|

2 for d/a = 0.05, and, thus,
it defines the near-field profile of the
gap plasmon via eq 3, which is inde-
pendent of the choice of material,
provided the plasmon mode is spec-
trally isolated.

The electrostatic dimer provides
a tutorial approach into localized
plasmons, which is only quantita-
tively relevant for small particle sizes.
Unfortunately, commonly exploited
nanostructures involve more com-
plex geometries and larger dimen-
sions that produce strong retarda-
tion effects. Next, we describe what
we believe is an extraordinarily
efficient suite of methods to simul-
ate their optical response, and we
discuss several examples of their
application.

Multilevel Fast Multipole Algorithm
Solver. Based on Love's equivalence
principle,37 metallic nanostructures
can be replaced by equivalent elec-
tric and magnetic currents distrib-
uted over the boundary surfaces
and interfaces. The total electromag-
netic fields can be obtained as a
superposition of the known incident
fields and the unknown scattered
fields, which can be self-consistently
obtained from the equivalent cur-
rents through the integro-differential
Stratton�Chu representation formu-
las38,39 and the 3D electrodynamic
homogeneous Green's function.
More precisely, we derive a set of SIEs
for the unknown equivalent currents
by imposing the well-known conti-
nuity of the tangential fields at the
boundaries. These SIEs are subse-
quently discretized by applying the
Galerkin MoM procedure22 using a
set of known basis and testing func-
tions, leading to a dense matrix sys-
temof linear equations. This results in
a linear system of N equations and
N unknowns;the number of basis
functions used to expand the cur-
rents. As noted above, this method,
which we term SIE-MoM, brings
about important advantages with
respect to volumetric approaches,
namely, a relatively reduced

numerical size (2D vs 3D) and greater
stability, particularly when dealing
with resonant metallic response.

In order to extend the practical
applicability of the SIE method to
even larger structures, considerable
effort has been made toward the
development of fast, efficient algo-
rithms that can reduce the elevated
costs of the traditional MoM (O(N3)
with direct inversion of the dense
matrix system andO(N2) using itera-
tive solvers), in terms of both stor-
age and computer processing time.
Specifically, we single out the fast
multipole method (FMM)40 and its
variants, the multilevel fast multipole
algorithm(MLFMA),26 and theMLFMA
combined with the fast Fourier
transform.27 Based on Gegenbauer's
addition theorem for the homo-
geneous Green function, the FMM
reduces the computational cost
toO(N3/2), whereas its multilevel ver-
sion achievesO(N logN) by incorpor-
ating plain and adjoint interpolation
schemes for the fields. The FFT ex-
tension of the latter (MLFMA-FFT)
combines the algorithmic efficiency
of MLFMA with high scalability via

parallelization using multicore com-
puter clusters. As an indication of its
power, the MLFMA-FFT method has
recently been used to solve an elec-
tromagnetic problem with 1 billion
unknowns,27 which, to our knowl-
edge, is the largest MoM-solved pro-
blem to date. The interested reader
can find more details about this
formulation in the Supporting Infor-
mation (SI).

RESULTS AND DISCUSSION

With theaimof illustrating thegreat
potential of the SIE-MoM method
for plasmonics, we solve a number
of currently relevant problems,
in increasing order of complexity,
showing its high versatility and com-
putational power.

Gold Nanorods. Among the wide
variety of existing nanoplasmonic
systems, gold nanorods provide a
reference platform formany practical
applications. The currently available
high degree of synthetic control,
through both lithographic and wet
chemistry methods, enables the ac-
curate tailoring of the (longitudinal)
plasmon resonances of gold nano-
rods through simple variations of
their aspect ratio. In addition, the
tunable anisotropy of these nanopar-
ticles provides a plethora of opportu-
nities for coupling plasmonmodes in
different manners. We have selected
here a few simple examples of how
the SIE-MoM can be applied to pre-
dict the optical responses of isolated
and coupled nanorods accurately.

As a paradigmatic system, the
extinction spectra of gold nanorods
have been calculated in many dif-
ferent ways. In the long-wavelength
limit, theMie-Gans analytical formu-
lation for prolate ellipsoids yields
reasonable agreement with mea-
sured data taken from small parti-
cles comparedwith the illumination
wavelength.41 Inclusion of both re-
tardation for larger particles and the
actual nanorod shape, which devi-
ates considerably from an ellipsoid,
requires the use of fully numerical
methods (e.g., DDA, FDTD, or BEM),
whose computational demand has
prompted the use of approximate
geometrical models, such as spheri-
cally capped cylinders. However,
the actual nanorod morphology in-
volves surface facets, which have
been identified with high accuracy.
In particular, a common class of
rods appears as octagonal prisms
capped by faceted tips.42 Given
the high versatility and accuracy of
SIE-MoM, the experimentally deter-
mined nanorods' morphology and
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dimensions can be readily imple-
mented, assisted by a surface para-
metrization tool (SolidWorks soft-
ware), with a rounding radius of
5 nm for tips and edges, as com-
monly observed in experiments.42

Since plasmon resonances are
highly dependent on particle mor-
phology, in particular, for anisotro-
pic shapes, the ensemble optical
spectra measured from gold nano-
rod colloids unavoidably display
inhomogeneous broadening, cor-
responding to an average over all
illuminated nanorods, which fea-
ture slightly different dimensions,
aspect ratios, and orientations.
In accurate theoretical studies,
this has been accounted for by
obtaining a statistical distribution
of dimensions, typically based on
transmission electron microscopy
(TEM) images, and then calculating
extinction spectra for each popula-
tion andweighing according to their
relative abundances. This is illu-
strated in Figure 2a (crosses) for
threedifferent average aspect ratios,
which reproduce recently reported
experimental data.43 Alternatively,
the large computational capability
of SIE-MoM, expedited via MLFMA,
enables us to go one step further
and to simulate a large number
of nanorods with random posi-
tions and orientations (see inset in
Figure 2a), displaying geometrical
features (including polydispersity)
accurately defined by the experi-
mental data, and subsequently cal-
culate the interaction of light with
thewhole ensemble in a single com-
putational run (Figure 2a, dashed
spectra). It can readily be seen that
both calculations can reproduce the
experimental data well. We can also
use the SIE-MoMmethod to explore
near-field properties, as illustrated in
Figure 2b,c for the longitudinal and
transverse plasmons of single gold
nanorods with average dimen-
sions corresponding to the samples
simulated in Figure 2a. These elec-
tric near-field enhancement maps
illustrate that the surface charges
associated with the longitudinal
plasmon modes are localized near

the rod ends. Interestingly, the
boundary currents used in the SIE-
MoMmethod provide additional in-
formationof interest: regions of high
electric current involve larger heat-
ing via inelastic losses, and these
regions are generally different from
the hotspots in which the induced
charge and the fields reach high
values (i.e., hotspots involve high
currents in adjacent regions, which
are needed to supply and to evacu-
ate the pileup of induced charge
rapidly). This effect is observed in
Figure 2b, where the surface electric
currents exhibit a sinusoidal distri-
bution that is consistent with the
excitation of a half-wavelength an-
tenna dipole (i.e., a maximum at the
rod center). Note that the effective
wavelength is pinned by the rod
size and corresponds to roughly
twice the rod length.44

An example of plasmon coupling
as described above is provided in
Figure 2d,e for a nanorod dimer
in tip-to-tip parallel configuration.
Plasmon coupling leads to mode
energy splitting, with strong dipole
modes shifted down in energy and
containing hotspots (see discus-
sion of Figure 1 above). Apart from
plasmon red shift and larger en-
hancement with decreasing gap se-
paration, the surface current dis-
tributions now reveal convergence
toward the gap hotspot, where
charge accumulation and the capa-
citor effect lead to intensity enhance-
ments up to 105.

Interestingly, a chiral arrange-
ment of nanorods can produce op-
tical chirality,45 which is of current
interest for potential applications in
the analysis of different molecular
enantiomers.46 A simple example is
shown in Figure 2f,g for two iden-
tical nanorods in a perpendicular
orientation. When the rods lie in
the same plane, no chirality is ob-
served, but a strong chiral signal is
predicted when introducing a ver-
tical offset (Figure 2f). Figure 2h,i
illustrates a more complex arrange-
ment mimicking recent experi-
ments47 and also leading to large
chirality.

Gold Nanostars. Thehighdensity of
hotspots in nanostars suggests their
application as excellent platforms for
plasmon-assisted sensing35,48 and
photothermal therapy.49 We illustrate
the application of our methods to
simulate nanostars and, for simplicity,
concentrate on a symmetric structure
containing 12 sharp tips branching
out from a central spherical core
(Figure 3). In particular, Figure 3a
shows that longer tips produce
more red-shifted plasmons, although
the maximum value of absorption/
scattering cross section is not very
sensitive to this parameter. Near-
field maps at the extinction maxima
(Figure 3a, insets) neatly illustrate the
enhancement at the tips, which in-
creases for those that are oriented
along the direction of the incident
light polarization. Maximum currents
near (but not at) the tips are also
consistent with the picture drawn
above from nanorods (see current
maps in the insets to Figure 3a).

The decay rate of a point emitter
is also known to suffer a large en-
hancement due to the interaction
with localized plasmons. This effect
is analyzed in Figure 3b,c for amole-
cule or quantum dot placed in the
vicinity of a nanostar tip. The non-
radiative and radiative components
of the decay rate are computed from
the self-induced near-field and the
emitted far-field upon excitationwith
a point dipole oriented as shown in
the figures.50

Plasmon coupling can also occur
whennanostars approacheachother,
as described above for nanorods.
In nanostars, however, the number
of configurations leading to excep-
tionally efficient hotspots may in-
crease due to their involvedmorphol-
ogy. Examples are shown here for
plasmon coupling and hotspot for-
mation when two nanostar tips
approach each other (Figure 3d,g),
when a tip approaches a valley
between three adjacent branches
(Figure 3e,h), and when a tip ap-
proaches a valley between two adja-
cent branches lying in the same
plane as the approaching branch
(coplanar tip-to-valley configuration).
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In all cases, smaller separation dis-
tances lead to higher field inten-
sity enhancements, reaching values
above5� 105. It should alsobenoted

that in tip-to-valley configurations,
the coupled mode yields extended
hotspots that may be useful to
achieve high SERS enhancement

(and resulting signal) over large vol-
umes. The occurrence of these ex-
tended hotspots can be explained
by the larger areas of surfaces placed

Figure 2. Modeling gold nanorods (GNRs). (a) Extinction spectra of water-dispersed GNRs with aspect ratios of 2.4, 2.8, and
3.8. Solid curves aremeasured spectra from ref 43. Copyright 2013American Chemical Society. Dotted curves are calculations
averaged over light incidence and polarization; dashed curves are calculations for samples consisting of 700 randomly
oriented/positionedGNRs (averagedensity is 1GNRper 0.08μm3). The inset shows an exampleof nanoroddistribution (not at
scale). (b,c) Calculated near-field enhancement maps and surface current distributions for the longitudinal (b) and transverse
(c) plasmons of the same rods as in (a). (d,e) Extinction spectra (d) and near-field enhancement and surface currentmaps (e) of
a GNR dimer in parallel tip-to-tip configuration at different separations (see labels). The inset shows detail of the 1 nm gap
region. (f) Near-field intensity enhancement maps under left- and right-circularly polarized light irradiation for GNR dimers in
perpendicular tip-to-tip configuration for a vertical offset of 10 nm. (g) Circular dichroism spectra under the same
configuration as in (f) for offset distances of 0�10 nm. (h) Near-field enhancement maps under left- and right-circularly
polarized light irradiation for GNRs arranged along a helix (110 nm radius and 110 nmpitch). (i) Circular dichroismof the same
structure as in (h) for incidence along the helix axis (blue) and at 45� (green).
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in close proximity. From the thumb
rule of ∼|E/Einc|4 scaling of SERS in-
tensity with electric field amplitude E,
enhancement values above 1011

seem to be attainable in both tip-to-
tip and tip-to valley configurations.

We now illustrate the interac-
tion of a nanostar with a planar
metal surface. This geometrical

configuration has been successfully
applied in actual experiments that
report a controlled 1010 SERS en-
hancement from molecules that
are sandwiched in the star�film
gap.35,51 We analyze this type of
system in Figure 4. The underlying
principle of the resulting enhance-
ment is similar to the picture drawn

from Figure 1. Interestingly, our si-
mulations show large electric field
enhancements when the nanostar
is illuminated at an incidence angle
of 45�, but only very poor enhance-
ment is obtained under normal inci-
dence, as excitation of the gapmode
is forbidden by symmetry when a
relatively uniform star is placed with

Figure 3. Modeling gold nanostars (GNSs). (a) Absorption (solid curves), scattering (dashed curves), and extinction (dash-
dotted curves) of water-immersed GNSs (core diameter 18 nm) with 12 branches (tip apex 2 nm) of lengths 15 nm (blue),
20 nm (green, shown in inset), or 30 nm (red). The insets also show geometrical details for the three GNSs, alongwithmaps of
the surface electric current and electric near-field intensity enhancement along a plane perpendicular to the light incidence
direction, calculated at the resonantwavelengths of 599, 653, and 780 nm. (b) Normalized nonradiative decay rate (Γnonrad) of
a quantum dot placed at distances d = 2 nm (blue), d = 4 nm (green), and d = 6 nm (red) from one of the tips. The transition
dipole is taken along the tip normal (see inset). (c) Same as (b), for the normalized radiative decay rate (Γrad). (d�f) Absorption
(solid curves) and scattering (dashed curves) spectra for GNS dimers in tip-to-tip (d), tip-to-valley (e), and coplanar tip-to-
valley (f) configurations for separations in the d = 1�10 nm range. (g�i) Surface electric current distribution and electric
near-field enhancement of hybridized plasmons in tip-to-tip (g), tip-to-valley (h), and coplanar tip-to-valley (i) geometries for
d = 1 nm. The field intensity enhancement reaches values >5 � 105 (see inset).
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its tip oriented along the planar
surface normal. A more asymmetric
nanostar, such as those that are
likely formed in actual experiments,
immediately solves this problem
and produces strong gap enhance-
ment even under normal incidence
illumination; this is illustrated in
Figure 4 by simply elongating one
of the tips of the nanostar.

Dense Nanoparticle Arrays. Perhaps
an area in which the computational
power of MLFMA is more clearly
illustrated is in the simulation of
dense assemblies of nanoparticles.
Such nanoparticle arrays are com-
monly used for a vast range of
applications, mostly based on em-
pirical intuition, as their computa-
tion is highly demanding and it
is usually reduced to capture only
small subsystems or simplified ver-
sions of the structure. In a first exam-
ple, we consider 1447 nanorods that
are randomly packed inside a film-
like 1 � 1 � 0.2 μm3 box with a
minimumdistance between particles
surfaces of 1 nm (see Figure 5a,b). The
calculated absorption and scattering
spectra display significant broaden-
ing (Figure 5b), which is a typical
signature of systems composed of

multipleplasmoncouplings,with ran-
dom local arrangements and mode
shifts.

Our calculations enable us to
examine not only scattering and
absorption spectra but also the
efficiency of these films as SERS
substrates. Enhancement maps
are shown in Figure 5 for the
near electric field intensity |Ein|

2

at an incidence wavelength λin =
785 nm (normalized to the incident
intensity), the emission/collected
intensity |Eout|

2 radiated by an ex-
cited molecule at a wavelength
λout = 879.98 nm (Raman shift
of 1375 cm�1) as a function of its
position in the sample (normalized
to the emission in the absence of
the particle), and the SERS intensity,
which is simply givenby the product
|Ein|

2
3 |Eout|

2. These calculations illus-
trate the evolution of hotspotswhen
moving from the incident wave-
length to the emission wavelength,
which we attribute to the strong
dependence of the resonant gap
plasmons on the local rod arrange-
ment. Strong SERS emission is
favored at positions in which a
compromise between hotspots at
both wavelengths is reached (see

Figure 5f,i). Incidentally, the SERS
maps calculated at different heights
across the film (Figure 5c�g) clearly
show the decay in enhancement
efficiency as wemove deeper inside
the film (see SI movie S1).

A different picture can be drawn
when crystalline order is imposed
on the nanorod assembly. In par-
ticular, recent experimental work
has demonstrated the feasibility
of obtaining supercrystals of gold
nanorods oriented perpendicularly
with respect to a substrate, leading
to a multilayer hexagonal arrange-
ment.52 It has also been reported
that such supercrystals may display
antenna effects, leading to additional
electric near-field enhancements,
which was claimed to enable ultra-
sensitive detection of scrambled
prions.53 We show in Figure 6 that
such an arrangement can readily be
modeled using MLFMA. We consider
nine layers containing a total of 895
nanorods. Simulations were carried
out for illumination at normal inci-
dence (parallel to the nanorods axis)
and linear polarization in the plane
of the substrate. The calculated spec-
tra (Figure 6b) display a rich be-
havior with at least four well-defined

Figure 4. Close interactions between gold nanostars (GNSs) and a gold substrate. (a) Left: extinction spectra of a GNS placed
at distances 1�10 nm from a planar gold film (surface-to-surface separation), under p-polarized (TM) irradiation at 45�
incidence angle. Right: electric near-field intensity maps and surface electric current (dBμA/m) at the frequency of maximum
extinction for separations of 1, 5, and 10 nm. (b) Same as (a) under normal light incidence. (c) Same as (b) for a slightly
asymmetric star.
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scattering bands but only two well-
defined absorptionmaxima. This is in
stark contrast to the spectra for dis-
ordered nanorods (Figure 5c). As the
rod spacing is small compared with
the illumination wavelengths, photo-
nic crystal effects can be ruled out;
instead, the observed spectral fea-
tures seem to originate in the meta-
material response of the periodic
arrangement of relatively small nano-
rods, which is expected to sustain
well-defined propagation modes.
These modes form standing waves
due to spatial confinement within

the finite box in which the structure
is contained. Inspection of the near-
field plots in Figure 6 reveals clear
standing-wave patterns, which pro-
duce relatively high SERS enhance-
ment over large regions of the
material, thus indicating the suitabil-
ity of these types of structures to
sample large volumes. A movie
showing the changes in hotspot dis-
tribution as we move deeper inside
the crystal is provided as Supporting
Information (movie S2), where we
observe the presence of hotspots in
regions corresponding to maxima of

the noted standing waves, which are
distributed over the sample at dif-
ferent resonant depths. This is in
contrast to the disordered structure
of Figure 5, where no transmission
bands are allowed, as illustrated by
an analogous movie (SI movie S1),
revealing instead a gradual depletion
of hotspots when moving toward
deeper regions.

CONCLUSIONS

After several decades of impress-
ive advancements in the fundamen-
tal understanding and practical

Figure 5. Plasmonic and surface-enhanced Raman scattering performance of highly complex disordered structures,
simulated with M3. Top view (a) and side view (b) of an in-water colloidal deposition of 1447 gold nanorods (80 � 21 nm2

size, octagonal cross section; see Figure 2) compacted in a 1 � 1 � 0.2 μm3 box (minimum surface-to-surface separation is
1 nm). (c) Scattering (blue), absorption (green), and extinction (red) cross sections for light incidence as shown in the inset.
(d,e) Electric near-field intensity enhancements showing the emergence and disappearance of hotspots as wemove between
two different wavelengths. The plane of representation is indicated in blue (1) in (b). (f) Distribution of SERS enhancement for
illumination at thewavelength of (d) and emission at thewavelength of (e) (Raman shift of 1375 cm�1). (g�i) Same as (d�f) for
a deeper plane (labeled (2), red, in (b)).
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application of plasmonics, the need
for better electromagnetic simula-
tion tools becomes apparent. By
and large, published simulations
have either a fundamental character,
concentrating on relatively simple
structures, or a qualitative purpose.
Oftentimes, commercial software is
used to deal with complex struc-
tures, which are still limited by the
widespread use of volumetric meth-
ods (FDTD, DDA, FEMs, etc.). In an
effort to extend the validity of these

approaches to larger structures,
volumetric codes generally involve
a large number of convergencepara-
meters (e.g., in the use of absorbing
boundary conditions), thus produ-
cing not fully reproducible results
that are sometimes plagued with
errors and instabilities.
The present work illustrates that

surface integral equation methods,
combined with advanced method-
of-moments parametrizations (here
abbreviatedSIE-MoM) andexpedited

via MLFMA, offer a viable alternative
to cope with large complex struc-
tures and have clear advantages
such as their reduced computational
demand, both in time and memory,
their robustness against sharp dielec-
tric contrasts, and their small number
of critical parameters (essentially
the discretization size and the num-
ber of boundary elements). Although
boundary parametrization represents
a challenge compared with volume
discretization, SIE methods might be

Figure 6. Response and surface-enhanced Raman scattering performance of a three-dimensional plasmonic crystal,
simulated with M3. Same as Figure 5, for a plasmonic crystal composed of 895 airborne nanorods (75 � 25 nm2 in size,
asymmetric octagonal section; see Figure 2) stacked in nine layerswith hexagonal intralayer arrangement (see (a), surface-to-
surface separation is 3 nmalong and across layers). The near-field and SERSmaps of (c�e) are representedover the blue sheet
of (a), whereas the maps of (f�h) correspond to the red sheet of (a) and (i�k) to the green sheet. The SERS maps (e,h,k) are
constructed from the near-fields to their left following the same procedure as in Figure 5.
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the only viable approach to the pre-
dictive simulation of large systems
such as those involved in the realistic
engineering of nanoplasmonic de-
vices and sensing nanostructures.
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